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INSTABILITY OF REDUCIBLE CRITICAL POINTS OF 
THE SEIBERG-WITTEN FUNCTIONAL 
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Abstract. The Euler-Lagrange equations for the variational approach 
to the Seiberg-Witten equations always admit reducible solutions. In 
this context, the existence of unstable reducible solutions is achieved 
by assuming the existence of a parallel spinor or the negativeness of a 
Perelman-Yamabe type of invariant dehned for a spin “"-structure. 

1. Introduction 

Let (M, g) be a closed riemannian four manifold with scalar curvature kg. 
By considering the least eigenvalue Xg of the operator Ag + ^, where = 
d*d is the Laplace-Beltrami operator associated to g, Perelman introduced 
in mm the smooth invariant 

(1) A(M) = .supg(zMXg[vol{M, 

where M is the space of C'°°-metrics on M. Let [s'] be the conformal class of 
g' € M, Kobayashi [5] and Schoen m independently introduced the smooth 
manifold invariant 


( 2 ) 


y{M) = sup inf 
[g] 3 


Im 9 

vol{M,gy/‘^ 


Assuming y{M) < 0, Akutagawa-Ishida-Le Brun proved [I] the equality 
A(M) = y{M). A similar quantity turns up by measuring the instabil¬ 
ity of reducible critical points of the Seiberrg-Witten functional, though 
in this case it depends on a spm‘^-structure on M. There exist smooth 
4-manifolds admitting a spin'’ structure c such that the Seiberg-Witten in¬ 
variant 5VF(c) y 0. These spin^ structures are named basic classes and they 
are in the realm of the 4-dim differential topology. The space Spin''{M) of 
spin'' structures on M might be identified with 


(3) {c = a, + y,GH^{X,Z)®H\X,Z2)\w2iX) = amod 2}. 
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From the analytical point of view, a basic classes carries a <SVVc-monopole, 
which is a special solution of a partial differential equation, as it will be de¬ 
fined next. The motivation for this research was to use variational techniques 
to measure the instability of reducible critical points for the Seiberg-Witten 
functional; the space of reducible solutions is diffeomorphic to the Jacobian 
torus Jm = ffi(MZ) • I^^sed on the fact that the Seiberg-Witten invariants 
are also expectation values oi a. N = A supersymmetric twisted gauge the¬ 
ory, , one might believe that either there exists a monopole or Jm achieves 
the minimum energy. 

The isomorphisms Spin% = {SU2xSU2xUi)/z2 and Spin^ = U2 = {SU2X 
C/i)/Z 2 induce the representations p± : Spin^ U2 = {SU2 x Ui)jZ 2 - Let 
P be the spm'^-principal bundle over M induced by the class c G SpirP{M) 
and = P In practice, a spin'^-structure on M is means the 

existence of a pair of rank 2 complex vector bundles S'^, which fibers are 
Spirit-modules, and isomorphisms det{Sf) = det{S~) = where det{S^) 
are the determinant line bundle such that ci(£c) = G Z). Let 

the space of sections on and Ac be the space of C/i-connections 
1-forms. Each A G Ac induces a covariant derivative ; ^^(Cc) 
on Cc- E.Witten introduced in m the coupled system of l®*-order PDE 
(SVF-monopole eqs.). 


( 4 ) 


D+cP = 0, ( 2 . 1 ) 

F+ = u(</-), (2.2), 


where (j) G 11^ (S^"^ ), is the positive component of the Dirac operator, 

is the self-dual component of the curvature Fa and a : ^^(iSj'*') —>■ D^(iM) is 
the self-dual 2-form 


a{v){X,Y) =< X.Y.v,v > < X,Y >\ v \^ . 

performing the coupling between a self-dual 2-form Fa and a positive spinor 
field v] I a{v) p= j\ v The configuration space is Cc = Ac x D‘^(S)^). 

Definition 1.0.1. An element {A,(j)) is a SWc-monopole if it verifies the 
SW-equations There are two kinds of SWc-monopoles (i) irreducible if 
(f 0 and (a) reducible if 4> = 0. 

The irreducibles exist only for a finite number of classes in Spin‘^{M). The 
monopole eqs. @ fits in a variational formulation whose Euler-Lagrange 
eqs. are the 2”'^-order 5W-equations 


d*FA + UIm{< X^(f,(j)>= 0, 

= n. 


( 5 ) 
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For that matter, Jm = {{^, 0) G Cc | d*FA_ = 0} is the solution set of ([S]) cor¬ 
responding to those connections whose curvature is harmonic, and whose ex¬ 
istence is guarantee by Hodge theory. Later, it will be shown that monopoles 
are the ground state of the theory and are also solutions of eqs ([5]). In order 
to measure the instability, for each c € Spin^{M), we introduced 


(6) A‘^(M) = sup < sup Xg{A).[vol{M,g)]^^'^ 

where M is the space of riemannian metrics on M. Thus, Jm is defined to 
be unstable if J{M) < 0. 


Theorem 1.0.2. Assume kg is not non-negative. If there exists an irre¬ 
ducible solution {A, (ft) of eqs then Jm is unstable. 

Theorem 1.0.3. //c G Spin^{M) admits a parallel spinor and the Yamabe 
invariant satisfies Y (M) < 0, then Jm is unstable. 


Theorem 1.0.4. If c & Spin^{M) is a basie class admitting a parallel 
spinor, and > 0, then J{M) < — 


A class c G SpiJ{M) admitting a parallel spinor imposes strong restric¬ 
tion on M m, s). Assuming ■ki[M) = 0 and M being irreducible as 
cartesian product, it turn out that either M is Kahler or M is spin Ricci- 
flat. The former case is characterized by the surjectivity of the Ricci tensor 
and the existence of an integrable complex structure J on M such that 
Oc = ci(J) or —ci(J). In the last, the Ricci tensor must be null and the 
manifold spin. The author is not aware of any sort of classification theorem 
of spin Ricci-flat 4-manifolds, but its importance for physicists. It is a long 
standing problem to find examples of Ricci-flat manifolds with holonomy 
SOn. 


2. Background 

Consider vr : H —)• M a vector bundle with structural group G and denote 
F{E) the G-principal bundle of frames on E. 

2.1. Gauge Group. Consider G a Lie group with Lie algebra g. The Gauge 
group Gp of a principle G-bundle Pq is the set of G-equivariant automor¬ 
phism <1> : Pg —)• Pg such that 7ro<l> = vr. A gauge transformation <I> is better 
described as a map s : Pg G such that d>(p) = p.s{p), s{p.g) = g~^.s{p).g. 
Taking the adjoint action Adg : G ^ G, Adg{x) = g~^.x.g, and defining 
the bundle Ad{G) = Pg XAd G, the gauge group G is the space of sec¬ 
tions of Ad{P). The representation ad : G ^ End{Q), ad{g) = g~^vg, 
induces the associated vector bundle ad(g) = Pg XadQ- If G is abelian, then 
Ad{P) = Map{M,G)- e.g.: G = Ui, G = Map{M,Ui) and ad(ui) = *. 
The group Gp also acts on an associated vector bundle E = P Xp V, 
p : G ^ Endiy). The homotopy type of Gp depends on the homotopy 
type of P. 


4 


CELSO M. DORIA DEPTO. DE MATEMATICA, UFSC 


2.2. Spin and Spin'^ Structnres on M. Whenever M admits a spin struc¬ 
ture or a spin‘s structure it carries a Dirac operator useful to study geometric 
and topological properties on M by analytical methods. In order to define 
such structures we consider the Lie groups Spin^ = SU 2 x SU 2 -, recalling that 
Ad : Spin^ —)■ SO^ is the universal covering map, and Spin% = Spin^ L^i- 
Let TT : F{M) —)■ M be the frame bundle of M. A spin structure on M is a 
principal S'pin 4 -bundle such that the projection tt' ; —)■ M lifts to a 
map C ^ F{M) satisfying the following conditions 

(i) C{p.g) = C{p).Ad{g), for all p G P^{E) and g G Spin^, 

(ii) TT o ^ = p : P® ^ M 

It turns out that M admits a spin structure if and only if W 2 {M) = 0; 
in this case the space of spin-structures on M is Spin{M) = P^(M,Z 2 ). 
All spin structure on a smooth 4-manifold M carries a spin vector bundle 
S = P^ Xp^H^ over M, whose fibers are a C'Z 4 -module {CI 4 is the real Clifford 
Algebra isomorphic to M 2 {M)). From the representation theory of Clifford 
Algebras, there exist a decomposition <S = S~^ ©5“ induced by inequivalent 
representations p± : Spin^ —)■ H. In general, M may not admit a spin 
structure because W 2 {M) ^ 0, but it always admits a spin'^ structure because 
there exists a class a G P^(M, Z) such that W 2 {X) = a mod 2. Indeed, a 
spin'^-structure on M corresponds to define an almost complex structure on 
M\{pt}. When M is a spin manifold we have ci(Pc) = 2Z). In 

this case, the bundles S and are globally defined and S^ = S ® 
where is the square root bundle of Pc. When W 2 {M) ^ 0 the tensor 

product 5c = 5 © (Pc)^'^^ is globally defined, though the bundles 5 and 
(Pc)^/^ are not. The bundle 5c inherits the decomposition 5c = 5+ © 5“, 
where 5^^ are the (±)-complex spinor bundles of rank 2. Moreover, 

Cl (5+) = Cl (Pc), C2(5+) = i[c2(Pc) - 2x(M) - 3a(M)], 

©(•^c”) = Cl (Pc), C2(5") = ^[c?(Pc) + 2x(M) - 3o-(M)]. 

3. Geometric Structures 

A brief introduction on covariant derivatives and curvature is given in 
order to fix the concepts and the notations needed along the text. 

3.1. Covariant Derivatives and Connections 1-forms on 5^. Let’s 
consider the general case of a smooth vector bundle E over M. Let Ae be 
the space of connection 1-forms on P. A covariant derivative on a vector 
bundle E over M is a M-linear operator V : D^(P) ^ D^(P) satisfying the 
Leibnitz rule: for all / : M —> R and V G Q^{E), 

V{fV) = dfAV + fAXV. 

Using the exterior derivative d : QP{M) it can be extended to a 

linear operator d^ : VF{E) —> D*’'''^(P), by 
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d^{Vu) = VV Auj + V0duj. 

Ae is an afim space which turns out to be the vector space r 2 ^(ad( 0 )) by 
fixing an origin at E Ae- Any covariant derivative can be written as 
+ A, A £ Q^{ad{g)) Covariant derivatives and con¬ 

nection 1-forms are equivalent. The group Q acts on Ae by g.V = g~^Vg, 
so inducing on Q^{ad{g)) the ^-action g.A = g~^Ag + g~^dg. Fix a local 
chart U C M, let V : VP{TM) —>■ Q}{TM) be the riemannian connection on 
M and jdu = {cj | 1 < i < 4} be a local orthonormal frame of TM defined 
on U having the following properties; for all i,j (V* = VgJ 

(i) [si, Cj] = ViSj - VjCi = 0, 

(ii) ViCfc = 


The covariant derivative operator is locally given by V = i)dx‘^ = d-j-T, 
where Vi = di + Tj and T = Y^^Tidx'^ E n^(ad(s 04 )) is the connection 1- 
form. The set of linear maps A ez : —>■ given by 

{ek A ez)(i;) =< v,ei > e^- <v,ek> ei, (SO 4 ~ A^(M'‘)), 

defines a SO 4 basis on which Fj = Ylk A ez). The riemannian 

connection on {M,g) induces a connection on <S as we shown next. Let 
Cl{M,g) be the Clifford Algebra Bundle and c : TM ^ Cl{M,g) be the 
Clifford map perfoming the inclusion. A n®(C/(M, g())-module structure is 
defined on by the pointwise product ( 7 .(/>)(x) = 'y{x).(j){x), for all 

7 E Q,^{Cl{M, g)) and (j) E In order to describe a connection (locally 

defined) on S let’s consider 7 ^ = c(ei). The whole procedure to induce the 
connection on S relies on the lie algebra isomorphism 0 : so^ —>■ spiUn) 
0(efc A ez) = 57 fc. 7 z ([Z], prop 6.1). In this way, the Christoffel’s symbols 
of M induce on S the operator F® : n'^(5) ^ 0*^(5), F| = ^ Ez k ^uilk-li)- 
The spin connection 1-form on 5 is F^ = Ez^ldx*, it induces the covariant 
derivative V® : n*^(5) n^(iS), V® = d-l-F®. A covariant derivative operator 

: H*^(<Sc) — 7 > n^(5c) is locally defined on *=' 5 0 by taking the 
spin connection V® on S and a C/i-connection on C\^‘^ ^ as follows: let 
E n^{S), X E and i/; 0 A E 

(7) V^{ip 0 A) = V®i/; 0 A + V' 0 V^A. 

(it can be patched together to define the operator globally). 

3.2. Curvature. The curvature of a covariant derivative V on FI is the 
C'°°-linear operator F = d^ o d^ : Q°(F1) —>■ Q'^{E) defined by 


F{V){X,Y) = {VxVy - VyVx - V[y,x]) V, 
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for all V € and X,Y G Q^(TM). In a orthonormal frame = {/„ | 

1 < a < r} on iH, such that Xetfa = consider, for each i,j, 

Fij € End{E) as the operator 


/8A- BA- \ 

F,,iV) = F{e.,e,){V) = (^ - ^ + [A,A,]j {V), 

Each Ai{x) being a skew symmetric operator Vx implies Fij(xO € End{Ex) 
is also skew-symmetric. Let A G Q^{E) and V = d + A, the curvature 
2-forms Fa G Q‘^{E) is Fa = j Fijdx'" A dxF The gauge group action 
on rt^{E) is g.oj = g~^.oj.g motivated by the fact that curvature of g.A is 
g.FA = g~^.FA-g- When E = TM, the curvature 2-form R : Q^{TM) — 
Q‘^{TM) of the riemannian metric is locally written, using the frame Pu, as 
= ^i,j Rijdx^AdxF The components Rij{ek) = R[jk^i, {Rij)ik = R\jk 
satisfy the identities 

(*) Rijk + Rjki + R-kij = 0 ) Rijk = ~Rijl 

{R)Rijk = -R\ik [iv) Rijk = Riii 

Using the SO 4 basis {e^ A ei) we have Rij = Yi,k i RijYk A e;. In this way, the 
curvature 2-form induced on S by the riemannian connection on TM is 

^ E ( E R dx^ ) 

k,l \ i,j ) 

Definition 3.2.1. The Ricci curvature of the riemannian manifold {M,g) 
is the bilinear form Ric : QP{TM) x Vt^{TM) C°°{M) 

Ric{u, v) = traccg [w —>• R{u, tc)u] . 

Using the frame jdjj = {cj} on M, the Ricci curvature is given by 

Ric{u, v) = g(^^ R{ek,v)ek,u), Vu, v G TM. 

k 

Using the symmetry Ricij = Ricji, we define the linear self-adjoint Ricci 
operator Ric : QP{TM) —^ Q,^{TM), Ric{u,v) = g{u, Ric{v)), locally given 
by Ric{v) = i?(efc, It induces on <S the operator 

Ri(f{v) = '^R{ek,v)jk 

k 

So far, it has been showed how the riemannian connection induces a con¬ 
nection on S. The equation d?]) induces a connection on whose curvature 
2 -form Fa ■ locally decomposes into 
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(9) FA = R^ + ifA, fA^n\M) 

The expression Q reflects the existence of the decomposition U 2 = SU 2 © Ui. 
By projecting the curvature Fa € U 2 into the sub-algebras the component 
5 U 2 gives part of the Riemann tensor of M and the Ui component gives the 
curvature of A on . Thus, the curvature induced on is 2 i/^. 

4. Variational Formulation and 2^^ Variation 

By fixing an origin at € Ac & connection on Cc is written as = 
+ A, where A G 0^(M, iM) is a ui-valued 1-forms. A topology on the 
configuration space Cc = Ac x n^is+) is deflned by considering the Sobolev 
spaces Ac = zM)) and F{S^) = the gauge 

group is taken to be ^ = L‘^’‘^{Map{X,Ui)). The G action on Cc is not 
free, the isotropy group are G(a,o) = ^(A,o) — ^ii ^ ^ ^c- 

An element {A, cj)) G Cc is named irreducible if (/> yi: 0, otherwise is reducible. 
The subspace of irreducibles C* = {{A,(p) G Cc | 0 yi: 0} is a universal 
principal ^-bundle over the moduli space B* = C*fG. The quotient space 
B* has the same homotopy type of CP°° x J'm- The free action of Ui = 
{g ^ G \ g constant} on C* deflnes a principal Vi-bundle over B* whose first 
Chern class ci(C*) = 51T(c) is the generator of subring corresponding to 
the cohomology of the factor CP°° x {p} in H*{B*\'L) {p G Jm) ■ 

The riemannian structure on the tangent bundle TCc = Cc x (11^ (iM) ® 
is the product of the following structures on each component; 

(i) on Ac-, for all p,0 £ iM), 

<p,9>= / {r]A*9)dvg, 

Jm 

recalling that the Hodge operator is minus the usual star operator because 
the forms take values in iM. instead of M. 

(ii) on n°(iS+), for any sections V,W £ n°(5+), {z £ C, 9ie(z) = 

< V, IT >= [ 91e(< V, VF >)dvg. 

Jx 

Thus, the inner product <, >: T(a,</>)Cc x ^(a, 0 )Cc —>■ K is 

<il + V,9 + W >=< p,9 > + <V,W > . 

The Seiberg-Witten equations fit into a variational set up by defining the 
functional 5VV : C,, —)• M, 


(10) SWciAcj^) = I Fa p + I v^</. p +i(| </) p +kgr 


P 

Y}dvg + 2pNc, 
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where kg is the scalar curvature of (X, g) and 

N, = c?(c) = ci(c) A ci(c) = ^ -\FJ \‘^]dvg. 

The functional <SVVc is gauge invariant, therefore it is well defined on 
Defining kg = niax{0, snp 3 ,gjv/(—A:g(x))}, it is straightforward from eq. (fTOjl 
that a necessary condition to the existence of an irredncible monopole is 

II 4> l|oo< Jost-Peng-Wang proved in [3| the functional <SVVc : B^ ^ M. 

satisfies the Palais-Smale condition, so the critical sets are compact and the 
minimnm is always achieved (<SWc > 0). Let grad{SWc){A, 4>) be the gradi¬ 
ent at {A, (p), the Euler-Lagrange equations defined by grad{SWc){A, </>) = 0 
are {Im{z) = 

(11) d*FA + 4i/m(< V^(/.,((.>=0, ^A(l> + ^^^^0 = 0. 

These are the ^-invariant 2”'^-order S'lT-equations because 

grad{SWc){g.{A, 4>)) = g~^.grad{SWc){A, cj)). 

They may admit irreducible and reducible solutions. As expected, the 51T- 
monopoles also satisfy eqs m, as asserted by the identities 

d*{FA) = 2d*F+- = d*[a{(l))] = -Ulm (< D+0,X(/. > + < Vjc4>A>) 

D\(j) = 0^0 = DjD\(t) = + ^4 = AacJ) + 

Due to the identity 5Wc(A,(/)) = Jj^{\ F^ — (t{4>) p -|- | D\(f) \4dvg, when¬ 
ever c € SpirF{X) is a basic class the <SVV-monopoles are stable critical 
points. The solntion set of eqs. (flTT) may be singnlar in the presence of 
reducible points. Assuming kg > 0, the minimnm is achieved at reducible 
points becanse SWc{A,(p) > ^WyAjO), V(A, (^) G C^. At a critical point 
(A, 0), the tSWc-monopole eqs dH) is F^ = 0 and the eqs. (fTT]l rednces to 
d*FA = 0. Under the assumption 6^(M) > 2, independently of the sign of 
kg, the anti-self-dnal solutions can be ruled out. If d*FA = 0, then Fa is har¬ 
monic 2-form. Let B £ Ache such that Fa = Fb, so cj = B—A G M). 

Moreover, B is gauge equivalent to A if and only if cj = g~^dg G 
Therefore, the space Jm = {(A,0) G Cc \ d*FA = 0}AG is diffeomorphic 
to the Jacobian torus . A local slice of Be at {A,(j)) is 

given ([9]) by the kernel ker{T^) = ker{d*) © (j)'^ of the operator 


( 12 ) 


: n\X,iR) © D°(<Sy) ^ D°(A,iR), 
T;{e,v) = d*9-<v,cj)>,. 
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Because (d*)^ = 0, it decomposed into subspaces ker{d*) = d*(r2^(M, iM))© 
T-Li, where the subspace of harmonic 1-forms T-Li = {9 £ iM) | d9 = 

d*9 = 0} is the tangent space to the Jacobian torus J'm at (^,0). The 
instability of JTm is established by performing the analysis of the 2”'^ vari¬ 
ation of the iSW-functional. The tangent space of Cc at {A, (p) is 

T(^A,(f>)Cc = ©n°(5+), so defines a symmetrical bilinear 

form Vi), ( 02 , V 2 )) =< (0i, Vi), id( 02 , V 2 ) >, where the operator 

/ill hi2 

h21 0-22 


^ has entries given by 



6^SWc 

SASe 

6W66 


\(^a,4>) -{G, A) =< 9, {d*dA + 4 < A((^), 0 >) =< 9, hii{A) > 
.(0, W) = 2{< 9iW) > + < V^IT, 0(</.) >) = 


5^SW, 

5W5V 


!{©<« .(v,w) 


= <0,/ll2(lT) >, (/l21 = /ll2) 

=< 1/, AaIT + I w + ^ < (^,W > (/>>= 


= < V,h22(W) > . 


The restriction of the 2"'‘^-variation to the slice of at {A, (j)) is an elliptic 
operator H : ker{T^) —>■ ker{T^) whose leading terms d*d = A and A^i = 
_(V^)*V"^ are laplacians and whose tail is a compact operator. Thus, 
id is a self-adjoint Fredholm operator. The spectrum (t{H) is a discrete 
set such that each eigenvalue has finite multiplicity and no accumulation 
points, besides, there are but a hnite number of eigenvalues below any given 

d 0 
La 

La ■■ ^ is the elliptic self-adjoint operator 

(13) La{V) = AaV + ^V. 

For each A € cr{LA), the corresponding eingenspace Va C T(^a,o)^c finite 
dimension. In this way, ker{H) = Ti^Afi)Lfx ® Vq. The lower eigenvalue of 
La given by Rayleigh’s quotient 


number. At (A, 0), the hessian operator becomes H = 


^, where 


(14) 




(A) = inf 
VgS^ 


Im{\ P + T I ^ \"}dv. 

/m I ^ 1^ '^'^9 


is bounded below, so is the spectrum (t(L^). 


4.1. Parallel Spinor. A spinor i/; G ll*^(<Sc^) is parallel with respect to 
a connection V if Vi/^ = 0. In general, it is difficult to pull off informa¬ 
tion about cr{LA), but using Kato’s inequality it can be compare with the 
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spectrum of L = Ag + ^ defined on functions / ; M —>■ M (Ag=Laplace- 
Beltrami). Consider on M a smooth atlas A{M) = {{Ux,^\) | A G A} 
such that, for each A € A, (i) Ux is convex, (ii) the local coordinates are 
{(xi,X 2 ,X 3 ,X 4 ) G ?7a I G 1 ^} and (hi) attached to Ux there exists a local 
orthonormal frame fix = {a \ A = di, 1 < i < 4}. 

Proposition 4.1.1. (Kato’s ineq.) Let A G and V G Then, 


(15) I V I y |2| < I p 

The equality holds if, and only if, there exists a 1-form oj G such that 

= wl/. 

Proof. Taking the orthonormal frame /3 = {ej | 1 <i<4}, locally we get 
1^1^ IP= Yli I I ^ IP and I V^V p= \ 'S/fV p. From the identities 
V, I F |2= 2 I F I .Vi I F I and Vi I F |2= Vi < F, F >= 2 < V^F, F >, 
we have | F | .Vi | F |=< VfV,V >. Assuming F 7 ^ 0 and applying 
Cauchy-Scwartz inequality it follows the inequality | Vi | F || < I V^F |. 
Hence, ineq. (I15p is verified. The equality is attained whenever there exists 
functions Oi : M —C such that V^F = OiF, that is. 


V^F = VfVdx^ 

i 


yP Oidx* 

. i 


V = ujV 


□ 

If F is a harmonic spinor {DaV = 0) and V"^F = cjF, then V"^F = 0. It 
is rather restrictive to assume F as a harmonic spinor, but under an extra 
assumption on the functions Oi : M ^ C the existence of a parallel spinor 
can be achieved. The reverse claim is also true; 


Proposition 4.1.2. There exists a parallel spinor V G H®(5£'*') if, and only 
if, there exists a spinor Vq G H‘^(<S+) and a class to G such that 

V^Vq = ojVo. 

Proof. Suppose F G H‘^(5+) is parallel, V"^F = 0. So, F has constant 
length. Let F = /Fq, where / : M ^ C, so /(x) 7 ^ 0 and Fo(x) 7 ^ 0, 
Vx G M. Furthermore, 


(16) V^F = df A Fo + / A V^Fo = 0 ^ V^Fq = “y^o- 

The 1-form w = — y = —d{ln{f)) is exact. Now, let’s prove the reverse 
assuming that VFq = cjFq and du = 0. The equation V"^(/Fo) = 0 is 
equivalent to df — fu = 0; in this case u = —d{ln{f)). Taking a local chart 
{Ux, 4>x) from the atlas defined at the beginning of this section, say a chart 
{Ux,4>x) with frame /3 a = {e* | 1 < i < 4}, and defining Oj = w{ei), we 
get u = '^j^aidx^. In this way, the equation df — fu = 0 becomes locally 
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described by the system dif — atf = 0, 1 < i < 4. The closedness of to is 
equivalent to the conditions djOi = diUj, for all i,j. Thus, the necessary 
condition djdif = didjf to the existence of / is easily verified, since 

djdif = -{djUi)/ - aiOjf = didjf. 

The identity djOi = diOj allow us to integrate and write 

l-Xl 

ai{xi,X2,X3,Xi) = / diai{t,X2,X3,X4)dt, 2 < i < 4.. 

Jo 

Therefore, the function 

satisfies dif — aif = 0, for 1 < i < 4, and is The function / is globally 
defined because it depends only on the 1-form uj. □ 

As before, consider (5 = {ea] 1 < a < 4} an orthornormal frame on M and 
7 q, = c(ea). The Ricci operator induces the operator c{Ric{.)) : TX —>■ 
Cl{X), c{Ric{X)) = Y2^R^{ea,X)'ya, such that 

[c{Ric{X))f = -X] I R"iea,X) |2= - I Ric{X) |2 . 


Definition 4.1.3. Let A ^ Ar be a connection 1-form with curvature ifA^ 

*); 

(1) Let Ha '■ TX x n°(5c) be the linear operator defined by 

HA{X,fj) = -i^7„.FA(e„,X)(iA), 

a 

(2) Let Ia '■ LP{TM) —> Q^{TM) be the skew-symmetric operator 

(17) Ia{X) = ^[{X L /A)(e„)]e„ 

a 

Using the local frame fJ = {ci} we have [lA)ap = i{^p^fA){e-a) = “JifiSa- 
Let A £ Ac and assume if G Q^(Sc) is a parallel spinor. Global information 
about M can be draw, as we shall see next, upon the existence of a parallel 
spinor if. In this case, it follows that HA{X,if) = 0, for all X G TM. The 
first consequence is the identity || Ric |p=|| /a |P whose proof in ([3], chap 
3) relies strongly on the identity 

(18) [c{Ric{X)) - ic{lA{X))].iP = 0, VA E TM. 

So, /a = 0 if and only if Ric = 0. Moreover, (i) | c{Ric{X)) |=| c(/a(A)) | 
and (ii) < c{Ric{X)),ic{lA{X)) >= 0. The identity c{Ric{X)){if) = 
ic{lA){X)){ip) is a key point. Defining R = {Ric{X) \ X G D‘^(TA)}, 
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from the self-adjointness of Ricci operator there exists the decomposition 
TX = R© ker{lA) {ker{lA) = R"*"). Let’s consider the operators 

^ :TX ^ n^S) :TX ^ n°(S) 

X^c(X).^ X^ic(X).T/; 

and the vector space E = D Imag{^'')). The existence of a 

parallel spinor ijj means that R C E and so E-*- C ker{lA)- These spaces 
define the distributions £ = {E^; | x G M} and £-^ = {E;;i- | x G M} 

Proposition 4.1.4. If ^jj is a parallel spinor, then the distributions £ and 
£^ are integrable. 

Proof. For aH X ^ £ there exist an unique Y ^TX such that X.fj = iY.tp. 
The space E is closed under the action of the covariant derivative because 
X.if = iY.if implies (XX).ijj = i{VY).il). 

(i) £^ is integrable. 

Note that for all X G £^ we get X\_fA = 0, in particular annihilates X. 
Since dfA = 0, the distribution is integrable. 

(ii) £ is integrable. 

Taking X,Y G E, it follows from the V-invariance of E that the commutator 
[X, Y] = XxY - VyX G E. 

□ 

Corollary 4.1.5. There exist submanifolds Mi, M 2 C M such that Mi is 
Kdhler and M 2 is spin. 

Proof. Let Mi be the submanifold whose tangent space T^Mi = E^;. Since 
for each X ^ £ there exists only one Y such that X.f) = iY.f}, define the 
automorphism J : TX —>■ TX, X.f} = iJ{X).il}. Thus, for each x G M, 
J : TxMi —TxMi defines a complex structure since 

iJ^{X).f; = iJ{J{X)).f; = J{X).f; = -iX.'i/j ^ = -I. 

Moreover, VJ = 0 because J{VX) = VE and, for all X,Y G £l^{TM), 

{XX).^ = [{VJ)X + J{VX)].f; = iJ{XX).'if ^ VJ = 0. 

From the identity 

[J{X).J{Y)+J{Y).J{X)].f, = {XY+YX).if+2i[g{J{X),Y)+g{J{Y),X)].i: 

we get g{J{X),J{Y)).f^ = {g{X,Y) + i[g{J{X),Y) + g{J{Y),X)} and 
so, g{J{X),J{Y)) = g{X,Y) and g{J{X),Y) = -g{J{Y),X). Therefore, 
Ml is Kahler , and M 2 is spin Ricci-flat because it follows from fA \m 2 — 0 
that c |m 2 = 0, hence W 2 {M 2 ) = 0, and || Ric |p=|| /a |P= 0 on M 2 . □ 

In the context of the arguments above, if Rice : EM —)• TM is onto, then M 
is Kahler. Thus, taking the restriction Ci = \mi, the canonical class of 
(Ml, J) is nj = Cl. Assuming tti{M) = 0, Morianu [2] proved kj and —kj to 
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be the only spin'' classes on M carrying parallel spinors, which are known to 
be the only basic class in M ([9]). Using de Rham’s decomposition theorem, 
Moroianu concluded that a simply connected manifold carries a parallel 
spinor if, and only if, it is isometric to the riemannian product Mi x M 2 
where Mi is Kahler and M 2 is spin Ricci-flat. Of course, if we assume M is 
irreducible as cartesian product, then either M is Kahler or M is spin. To 
the best of author’s knowledgment there is no example of a Ricci-flat spin 
manifold with holonomy SO 4 and it is not known the classification of spin 
Ricci-flat 4-manifolds beyond the one quoted in [8] . 

5. Conclusion 

In this section, Kato’s inequality (I15h is used to compare the lower eigen¬ 
value ^g{A) of operator La in (fT^ with the the lower eigenvalue Xg of 
k 

operator L = Ag + acting on functions / : M —M. By the Rayleigh’s 
formula, each lower eigenvalue is given by 


(19) 


Ag = inf 
/eQO(Af) 


Im{\ V/ P + % I / \"}dva 

/m I / P dVg 


( 20 ) 


Ag(^) = inf 


Im{\ P + T I ^ \"}d^ 


V&Sc 


Jm I ^ 1 ^ dVg 


Definition 5 . 0 . 6 . The Perelman-Yamabe smooth invariant of M is 


(21) X{M) = sup Xg[vol{M, 

9 

Let Mm be the space of riemannian metrics on M and [g] = {('•<7 \ Q M ^ 
(0, 00 )} the conformal class of g. The Yamabe constant of [g] is defined by 


( 22 ) 




Jm 

~g&[g\ [vol{M,g)YA 


The condition Y[g] < 0 implies the existence of unique metric realizing 
the Yamabe constant l|12jL The smooth Yamabe invariant is defined as 
y{M) = sup[g](-]vi; Y[g]. Under the hypothesis y{M) < 0, Akutagawa-Ishida- 
LeBrun proved in [T] the identity y{M) = A(M). By analogy, associated to 
the operator La we consider 


A'(A) = sup Xl{A).[vol{M,g)]^^‘^. 

g&U 

and X'{M) = sup^gj^ ^J^)- Assuming that y{M) < 0 and c € SpiM{X) 
is a class carrying a parallel spinor iIj € n*^(iSc^), so X'{M) < 0 and Jm is 
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unstable, concluding Theorem ll.n..S[ If an irreducible solution {A,(j)) exists, 
it follows from the 5W-equations that 


lx 


V^</. P I 0 I" 


dVg = - 


\L 


4> \ dVq. 


Consider kg isn’t non-negative and let {A, (j)) be an irreducible solution of 
the eqs. m, so from eq. (1201) we have 




IM 


dVg < 


(j) f dVg < 0- 


’ M 


Applying Cauchy-Schwartz inequality we get 
(t>? dvg< [vol{M,g)]^/‘^. 


I 

Jm 


4 > \ dVg 


IM 


1/2 


and so 


XliA). 




dVg < 


4> \ dVg 


'X 


Hence, X'{M) < 0, proving theorem 1 1.0 .21 Whenever there exists a SW^- 
monopole {A,(p), then 


1 

4 



dVg 


J 

Jm 


Ft 


dvg = 47r"^cf(J)[M] -|- 


F 


- |2 


dv„ 


IM 


(j) 1^ dVg 


Ux 


1/2 


Ft 12 dv. 


Um 


1/2 


< —-K-sJal [M], 


Let’s consider the case c\{Ct}[M] > 0, otherwise (/> = 0. So, defining 
y{M) = sup^gjj^^ A'’(A), we get the upper bound in theorem 11.0.41 


y(M) < 

Therefore, if M admits a iSWc-monopole, then A‘’(M) < 0. 

It ought to be checked if A'’(M) is a smooth invariant, for each c E 
Spirf{X). 
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